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Abstract

In environmental economics, numerical simulation using random draws
is the method most commonly used to estimate joint probabilities of indi-
vidual choices in discrete-choice, random-parameters models. This paper
compares simulation to another method of estimation, Gaussian quadra-
ture, on the basis of speed and accuracy. The comparison is done using
stated preference data consisting of the answers to choice questions for
fishing in Green Bay, a large bay on Lake Michigan. Each sampled indi-
vidual chose between a pair of Green Bay scenarios with different fishing
conditions. Quadrature is found to be as accurate as simulation based
on random draws, but Gaussian quadrature attains stability in estimated
parameters considerably faster.

Acknowledgement 1 Thanks to Anna Alberini, Trudy Cameron, Stephane
Hess, David Layton, Ricardo Scarpa and Ken Train for comments on ear-
lier drafts.
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1 Introduction

Simulation is the most common numerical method used to estimate random
parameters models. Using random draws to simulate moments of a distribution
dates back to [McFadden, 1989],1 and has been used to model demand for an
array of environmental commodities. Its use is likely to increase as a result of
this volume and the recent book by [Train, 2003].2

While simulation studies are numerous, little research has been con-
ducted to examine the speed and accuracy of the simulation method, or the
importance of addressing simulation noise (variance due to simulation). Brown-
stone and Train (1999) examine the sensitivity of average probabilities, the
log-likelihood function, and parameter gradients to different numbers of draws
and different sets of random numbers (that is, different values for the random
number generator seed), holding constant the values of the parameters that gen-
erate the data as they conduct the tests (that is, a new model is not estimated
for every value of the seed). [Breffle & Morey, 2000] determine the minimum
number of draws needed to stabilize the parameter estimates, and to minimize
the simulation noise in estimated expected consumer surplus.
The purpose of this chapter is to compare simulation to another method of

estimation, Gaussian quadrature (see [Butler & Moffit, 1982]; [Waldman, 1985];
[Geweke, 1996]). The comparison is done using stated preference data consisting
of the answers to choice questions for fishing in Green Bay. Each sampled
individual chose between a pair of Green Bay scenarios with different fishing
conditions. Choices were made over multiple pairs with varied characteristics.

2 A choice model with random parameters

Assume individual i answers J pair-wise choice questions. Assume the utility
from choosing alternative K in pair j is:

UK
ij = β

0
ix

K
ij + εKij (1)

where the L×1 vector xKij contains the observed characteristics of alternativeK.
The stochastic component εKij is assumed to be i.i.d. and normally distributed,
generating a probit model. Under the assumption of random heterogeneous
preferences,

βi = β + ui, where u ∼ N(0,Σ) (2)

where ui is a random L × 1 vector representing the differences between the
mean marginal utilities of the characteristics and individual i’s marginal utilities,

1See [Hajivassiliou et al. , 1992] [McFadden & Ruud, 1994], and [Stern, 1992].
2 See, for example, [Train, 1998], [Brownstone & Train, 1999], [Revelt & Train, 1998],

[Layton & Brown, 2000], and [Breffle & Morey, 2000]. [Train, 2003] includes additional ex-
amples. This volume contains many more.
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and Σ is the variance-covariance matrix of u. Assuming that ui is constant
across choice occasions causes an individual’s different choices to be correlated.
Under the assumption that Σ is diagonal (that is, the random parameters are
uncorrelated with one another), the joint probability of observing the J pair-
wise choices of individual i, Pi, is:

Pi = P (Uk
i1 > U3−ki1 , ..., Uk

iJ > U3−kiJ )

= P (ε3−ki1 − εki1 < β
0
i(x

3−k
i1 − xki1), ..., ε3−kiJ − εkiJ < β

0
i(x

3−k
iJ − xk)

=

+∞Z
· · ·
Z

−∞

JY
j=1

Φ
h
−(β + u)0(x3−kij − xkij)

i
f(u)du1...duL (3)

where k = 1 if alternative 1 was chosen and 2 if alternative 2 was chosen;
Φ(·) is the univariate, standard-normal CDF and f(·) is the L-variate, normal
density function. That is, Φ(·) is one dimensional, f(u) is L-dimensional, Φ(·)
is standard normal, and f(u) is normal, but not standard normal.
The order of magnitude of the integral in Equation 3 is the number of random

parameters (the number of non-zero diagonal elements in Σ). For example, if
there are two random parameters and the parameters are ordered such that
the two random parameters are in the first and second positions, Equation 3
simplifies to:

Pi =

+∞ZZ
−∞

JY
j=1

Φ

·
−(β + u

0
)
0
(x3−kij − xkij)

¸
f(u)du1du2 (4)

where u now has only two elements and 0 is a vector of dimension (L− 2)× 1.
The likelihood function is

NQ
i=1

Pi. The Pi can be approximated using either

simulation or Gaussian quadrature.

3 Simulation
Using simulation, the multiple integral, Equation 3, is approximated in steps:
first, a random draw, ud, is taken from u ∼ N(0,Σ), then Pi is computed

conditional on that draw, Pi(ud) =
JQ
j=1
Φ
h
−(β + ud)0(x3−kij − xkij)

i
.3 These

two steps are repeated for D draws. The simulated Pi is the average of the
conditional Pi(ud)’s. Details may be found in Train (1998). The attractive
feature of simulation is it’s versatility: it can be used to approximate many
different types of probability integrals.

3Note that the u draw is conditional on Σ. When one simulates probabilities in the context
of maximum likelihood estimation, the process is called simulated maximum liklihood. The
objective is to estimate the β and Σ, but at each iteration, Pi(ud) is conditional on the current
interative values of β and Σ.
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A problem with simulating probabilities is “simulation noise”. That is, for a
given β and Σ, the simulated Pi is different each time it is re-simulated with a
new set of random draws. A simulated Pi is an approximation that differs every
time the approximation formula is reapplied, so Pi has a distribution. If the
number of draws is “small” this distribution will have a variance sufficiently large
that substantively different parameter estimates will result each time the model
is estimated. Simulation noise declines, for a given sample size, as the number of
draws increases, becoming trivial if the number of draws is large enough.4 Put
simply, the minimum number of draws required for estimation by simulation
is the number necessary for model parameters to be stable.5 Determining this
number is time consuming. For example, to check whether 1, 000 draws is
sufficient one must re-estimate the model many times with 1, 000 draws to make
sure the parameter estimates are “almost” the same in each simulation. If they
are not, one has to repeat this exercise with a larger number of draws.

4 Gaussian-Hermite quadrature
4.0.1 The basics of G-H quadrature

Alternatively, Equation 3 can be approximated using a form of Gaussian quadra-
ture called Hermite polynomial quadrature, or Gaussian-Hermite quadrature.

Put simply, any integral of the form
+∞R
−∞

g(v)dv =
+∞R
−∞

e−v
2

h(v)dv can be ap-

proximated by
+∞Z
−∞

e−v
2

h(v)dv ≈
MX
m=1

wmh(vm) (5)

where M is the number of evaluation points.6 Put simply, the function to be
integrated, minus the e−v

2

term, is first evaluated at a number of carefully se-
lected evaluation points, the vm, m = 1, 2, ...,M ; then the value of the function
at each evaluation point, h(vm) is weighted by wm.7 The approximation of the
integral is the sum of these weighted values. Implementation is simple: tables
(such as table 25.10 in [Abramowitz & Stegun, 1964]) report the (vm, wm) pairs
for different ascending values of M ; one just has to use them to calculate the

wmh(vm) terms. It is called Gaussian quadrature because
+∞R
−∞

e−v
2

dv is the

4 In addition, for a given number of draws in the simulation, simulation noise decreases as
the number of answered choice-pairs increases.

5 Stability is subjective and depends on how the parameter estimates will be used.
6The accuracy of the approximation increases with the number of evaluation points. Typ-

ically, 10 or less are sufficient for parameter stability, not hundreds or thousands as with
simulation.

7As explained below wm 6= e−v
2
.
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Gaussian integral, sometimes called the probability integral.8 Gaussian quadra-
ture requires fewer evaluation points than ordinary quadrature (approximately
half).
The v1, v2, ..., vM are the M roots of the Hermite polynomial HM (v); this

is why the technique is called Hermite polynomial quadrature.9 The numerical
weights, the wm, are more difficult to explain, but implementation does not
require one to understand why they are the number they are.10

To solidify how Hermite polynomial quadrature works, we use it here to de-
termine the area under a univaraite, normal density function with zero mean,

fu(0, σ) =
1√
2πσ

e−u
2/2σ2 , which we know is 1. Begin by noting that

+∞R
−∞

1√
2πσ

e−.5(u
2/σ2)du =

+∞R
−∞

1√
π
e−v

2

dv where v = u√
2σ
. Then note that

+∞R
−∞

1√
π
e−v

2

dv is a simple, special

case of
+∞R
−∞

e−v
2

f(v)dv, where f(v) is simply the constant 1√
π
. Therefore

+∞R
−∞

1√
π
e−v

2

dv =

MP
m=1

wmf(vm) =
1√
π

MP
m=1

wm. If M = 2, this is 1√
π
(0.886227 + 0.886227) = 1.

000 000 1; if M = 4 it is 1√
π
(0.804914 + 0.804914 + 0.0813128 + 0.0813128) =

0.999 999 86, a closer approximation, but both are close enough.

4.1 Appying G-H quadrature to Equation 3

As noted above, Gaussian quadrature requires that the integral be of the form
+∞R
−∞

e−v
2

h(v)dv; Equation 3 is of this form. For the case of one random-parameter,

8Note that
+∞

−∞
e−v

2
dv =

√
π.

9Hermite polynomials are a set of orthogonal polynomials with domain (−∞,+∞). By
way of example, H0(v) = 1, H1(v) = 2v, H2(v) = 4v2 − 2, H3(v) = 8v2 − 12v, H4(v) =
16v4 − 48v2 + 2 and H10(v) = 1024v10 − 23040v8 + 161280v6 − 403200v4 + 302400v2 −
30240. Visually, these polynomials become more and more wave-like as M increases. The M
roots of HM (v), the vm, are those values of v that make the Hermite polynomial zero. For

example H2(v) has two roots: ±.5
√
2 . And, the four roots of H4(v) are ± 1

2

√
34 + 6and

± 1
2

6−√34. Mathematica, for example, generates Hermite polynomials with the command
HermiteH[M,v].

10Here are some of the wm, reported with their corresponding values of vm
M vm wm
2 ± 1

2

√
2 = ±0.707107 1

2

√
π = 0.886227

3 0 2
3

√
π = 1.18164

± 1
2

√
6 = ±1.22474 1

6

√
π = 0.295409

4 ± 3−√6
2

= ±0.524648
√
π

4(3−√6) = 0.804914

± 3+
√
6

2
= ±1.65068

√
π

4(3+
√
6)
= 0.0813128

For each M , the weights sum to
√
π.
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Equation 3 simplifies to

Pi =

+∞Z
−∞

JY
j=1

Φ

·
−(β + u

0
)
0
(x3−kij − xkij)

¸
φ(u)du (6)

=

+∞Z
−∞

JY
j=1

Φ

·
−(β + u

0
)
0
(x3−kij − xkij)

¸ ·
1√
2πσ

e−u
2/2σ2

¸
du

where u is a scalar and 0 is a vector of dimension (L− 1) × 1. With a change
of variable v = u√

2σ
, this becomes

Pi =

+∞Z
−∞

JY
j=1

Φ

·
−(β + vσ

√
2

0
)
0
(x3−kij − xkij)

¸ ·
1√
2πσ

e−(vσ
√
2)2/2σ2

¸
d(vσ

√
2)

=
1√
π

+∞Z
−∞

JY
j=1

Φ

·
−(β + vσ

√
2

0
)
0
(x3−kij − xkij)

¸ h
e−v

2
i
dv

=
1√
π

+∞Z
−∞

h(v)
h
e−v

2
i
dv ≈ 1√

π

MX
m=1

wmh(vm) (7)

where h(v) =
JQ
j=1
Φ

·
−(β + vσ

√
2

0
)
0
(x3−kij − xkij)

¸
.

If there are two random parameters, Equation 4, and one adds the assump-
tion they’re uncorrelated,

Pi =

+∞ZZ
−∞

JY
j=1

Φ

−(β + u1
u2
0

)
0
(x3−kij − xkij)

 fu1(u1)fu2(u2)du1du2
=

+∞Z
−∞


+∞Z
−∞

JY
j=1

Φ

−(β + u1
u2
0

)
0
(x3−kij − xkij)

 fu1(u1)du1
 fu2(u2)du2

=
1

π

+∞Z
−∞


+∞Z
−∞

JY
j=1

Φ

−(β + v1σ
√
2

v2σ
√
2

0
)
0
(x3−kij − xkij)

 e−v21dv1
 e−v

2
2dv2

≈ 1

π

M2X
m1=1

wm2

"
M1X

m1=1

wm1h(v1m1 , v2m2)

#
(8)

where

h(v1m1 , v2m2) =
JY
j=1

Φ

−(β + v1m1σ
√
2

v2m2
σ
√
2

0

)
0
(x3−kij − xkij)

 (9)
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In summary, Gaussian-Hermite quadrature is easy to apply if one assumes a
small number of uncorrelated normally-distributed random parameters, a com-
mon assumption in many applications.

5 An application: Green Bay fishing under dif-

ferent conditions
The sample consists of 647 randomly-sampled anglers who purchased licenses
in eight counties near the bay of Green Bay, a large bay on Lake Michigan, and
who fished the bay at least once in 1998. Each angler was presented eight pairs
of Green Bay alternatives. Anglers made their selections on the basis of the
average time to catch a fish for four species (PERCH, TROUT , WALLEY E,
and BASS), a fish consumption advisory index (FCA), and a boat launch fee
(FEE). The FCA index takes one of nine discrete levels, the first being no
advisory, and contains combined information on separate advisories for the four
species.

The four parameters on the catch rates and the eight parameters on the
FCA dummy variables are all assumed to be random and normally distributed.
Specifically, for each angler and each pair, it is assumed that the conditional
indirect utility function for alternative is K is

V K
i = (βc + uci)

× £βpPERCHK + βtTROUT
K + βwWALLEY EK + βbBASS

K
¤

+(βFCA + uFCAi)
£
βFCA2FCA

K + ...+ βFCA9FCA
K
¤

+βy(−FEEK) (10)

where

f(uc, uFCA) = N(
0
0
,
σc 0
0 σFCA

) (11)

The parameter βy is the marginal utility of money. The parameter βc is the
mean catch-parameter; the βp,βt,βw and βb allow the means and variances of
the catch parameters to vary by species; βFCA is the mean FCA parameter; and
the βFCA2, ..., βFCA9 allow the means and variances of the FCA parameters to
differ by FCA regime. With this specification, the ratio of the mean parameter
to the standard deviation is the same for each of the four catch rates, and for
each of the eight FCA levels, so only two standard deviation parameters need
to be estimated, σc and σFCA. Assuming that the standard deviation varies in
proportion to the mean is a common way of dealing with heteroskedasticity and
a reasonable way to limit the number of random parameters that need to be
estimated. It also causes an individual’s four catch parameters to be correlated
with one another, and his eight FCA parameters to be correlated with one
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another; something one would expect, and this is accomplished in a way that
does not require that one assumes separate ucp and uct that are correlated. Of
course, this specification for the random structure is not necessarily appropriate
for other applications and is in no way required for quadrature to work. βp is
set to one to identify the catch parameters and βFCA2 is set to one identify the
FCA parameters.11

This model was estimated using both Hermite quadrature and simulation
with random draws. Parameter estimates are reported in Table 1. Results from
various model runs show that 500 draws in simulation and 9 evaluation points
using quadrature are sufficient for parameter estimates to be stable. That is, for
quadrature parameter-estimates, when more than 9 evaluation points are used,
the individual parameter estimates are never more than 2% different from the
estimates obtained with 9 evaluation points. When at least 500 draws are used in
simulation, parameter estimates vary by at most 2% across runs. An important
finding is that simulation took almost three times longer than quadrature to
reach this level of stability.
Results are also reported for 100 draws using simulation, and 3 and 6 evalu-

ation points for quadrature,but one should not make too much of these. Com-
paring the properties of estimates estimated with too few quadrature points to
estimates estimated with too few random draws is a questionable endeavor: one
would never present either as one’s parameter estimates.

6 Conclusions
In conclusion, this paper provides an example of a choice question probit

model with two random parameters. We demonstrate that to obtain a high
level of accuracy, quadrature is faster than simulation with random draws. What
should be made of this? When it comes to estimating random-parameter models,
there is an alternative to the ubiquitous method of simulation with random
draws, and it can be faster and more accurate. It’s best suited to applications
with a small number of uncorrelated random-parameters.
An interesting issue is what happens to the magnitudes of the simulation

errors as one increases the number of draws and what happens to the approx-
imation errors as one increases the number of evaluation points. One would
hope that simulation error always decreases as the number of draws increases;
that is, it would be comforting to those doing simulation to know that if they
re-estimate their model with more draws, there will be less simulation error
in the parameter estimates. Unfortunately, this is not always the case as we
demonstrate below.
Those using quadrature would hope that re-estimating their model with

more evaluation points will always decrease the approximation errors in the
parameter estimates. This is the case.

11Code for both estimation techniques can be found at
http://www.colorado.edu/Economics/morey/dataset.html.
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To investigate, we define the bias in parameter β as Biasβ =
¯̄̄
β̂ − β

¯̄̄
where

β is our stable estimate of β (obtained with either 1000 draws or 10 evaluation
points). To make this measure of bias comparable across parameters (by ac-
counting for the relative flatness of the likelihood-function), we divide each by

the standard error, s.e., of the stable β,
¯̄̄
β̂ − β

¯̄̄
/(s.eβ). Averaging these over

all of the parameters provides one possible measure of aggregate bias, denoted
Bias. By definition, this measure of aggregate bias is, in our example, zero for
simulation with 1000 draws and quadrature with 10 evaluation points.
Note that this measure of aggregate bias, Bias, will change every time one

reruns the simulation program, even if one takes the same number of draws in
each run - the draws are random. There is no comparable variation in Bias
when the the parameters are estimated with quadrature - Bias does not vary
across runs when the number of evaluation points is held constant because the
parameter estimates are always the same.
Our measure of aggregate bias is plotted in Figure 1 for the parameter esti-

mates obtained with 100, 300, 500 and 1000 draws. This example plot proves,
by example, that Bias does not always decrease as the number of random draws
increases (the biggest "error" for these three sets of estimates is with 500 draws).
Every time one re-estimates the model with 100, 300, 500 draws Figure 1 will
change, and while one would expect it to usually be monotonically decreasing,
it does not have to be, as our example demonstrates.12

Figure 2 plots Bias for 3, 6 and 9 and 10 evaluation points and the plot
is invariant to reruns. Aggregate bias is monotonically decreasing in the num-
ber of evaluation points, as it must when the integral evaluated is of the form
+∞R
−∞

e−v
2

h(v)dv. Note the big drop from 9 to 10 evaluation points.

What should be concluded? Use enough random draws or evaluation points
to get stable parameter estimates. Determining whether one’s parameter esti-
mates are stable is more difficult with simulation than with quadrature. With
quadrature, just keep increasing the number of evaluation points until the esti-
mates with e evaluation points and e + 1 evaluation points differ by less than
some predetermined percentage. With simulation, increase the number of draws
until the parameter estimates differ by less than that predetermined percentage,
then increase the number of draws some more to make sure the stability was
not a random fluke.

12Consider another measure of bias, aveβ̂ − β where aveβ̂ = ave[β̂
1
+ ... + β̂

R
] and β̂

r

is the esimate of β obtained the rth time the parameters are simulated holding constant

the number of draws ([Hess et al. , 2004], [Sandor & Train, 2004]). β̂ − β = aveβ̂ − β for

quadrature but not for simulation; for simulation there is less randomness in aveβ̂ − β than

in β̂ − β . Therefore, aveβ̂ − β is likely to be monotonically decreasing in the number

of draws, particularly for large R. However, there is no great practical significance to this
likelihood unless the researcher plans to run the simulation program multiple times with each
number of random draws.
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Figure 1: Example simulation bias with 100, 300 and 500 draws
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A body of literature is now emerging on simulation with non-random
draws; that is, taking systematic draws from the density of interest. Halton
draws are one example, and a few applications with environmental implications
are available.13 These methods have the potential to significantly reduce sim-
ulation noise and the required number of draws. [Train, 2003] devotes much of
his Chapter 9 to a discussion of simulating with systematic draws. After esti-
mating the same model twice, first with 1000 random draws and then with 100
Halton draws, Train summarizes:

These results show the value of Halton draws. Computer time
can be reduced by a factor of ten by using Halton draws instead of
random draws, without reducing, and in fact increasing, accuracy.
These results need to be viewed with caution, however. The use of
Halton draws and other quasi-random numbers in simulation-based
estimation is fairly new and not completely understood.

Future research might compare quadrature with simulation using systematic
methods of drawing parameter vectors.
In closing, consider a direct mathematical comparison of the simulation

formula and quadrature formula for Pi. Consider the case of one random-
parameter. With simulation

Pi ≈ 1

D

DX
d=1

h(ud) (12)

and for quadrature

Pi ≈ 1√
π

MX
m=1

wmh(vm) (13)

where h(ω) =
JQ
j=1
Φ

·
−(β + ω

0
)
0
(x3−kij − xkij)

¸
. It is evaluated at ωm = vmσ

√
2

for quadrature and at ωd = ud with simulation, quadrature carefully selecting
the evaluation points,simulation randomly selecting the evaluation points. One
should not be surprised that when the draws are carefully selected (e.g. Halton
draws), simulation does better than when they are randomly selected. The
other big difference is the weights: simulation uses equal weights independent
of of how the draws are made; quadrature uses carefully selected weights, each
specific to the point at which the function is evaluated.
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